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Abstract
We prove that for every orientation-preserving homeomorphism F :S1 → S1 possessing periodic points of order n there exist a
homeomorphism T :S1 → S1 such that T n = id and a homeomorphism G :S1 → S1 without periodic points except fixed points
such that
F = T q ◦ G
for an integer 1 q < n relatively prime with n. We apply this result to determine all continuous iterative roots of homeomorphisms
of the circle which have periodic points.
© 2007 Elsevier Inc. All rights reserved.
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1. In the present paper we shall investigate relations between homeomorphisms of the circle possessing periodic
points and homeomorphisms of a compact interval. We begin by recalling the basic definitions and introducing some
notations. Let us denote by S1 the unit circle on the complex plane. Define on S1 the following triple ordering relation.
For any u,w, z ∈ S1 there exist unique t1, t2 ∈ [0,1) such that we2π it1 = z, we2π it2 = u. Define
u ≺ w ≺ z if and only if 0 < t1 < t2
(see [1,2]).
For any distinct elements u, z ∈ S1 the sets −−−−→(u, z) := {w ∈ S1: u ≺ w ≺ z}, −−−−→[u, z) := −−−−→(u, z) ∪ {u} and −−−−→[u, z] :=−−−−→
(u, z) ∪ {u, z} are said to be the arcs.
Let A ⊂ S1 be a nonempty set. We say that a function F :A → S1 preserves orientation if for any u,w, z ∈ A such
that u ≺ w ≺ z we have F(u) ≺ F(w) ≺ F(z).
For every orientation-preserving homeomorphism F : S1 → S1 there exists an increasing homeomorphism f :
R → R, which is unique up to a translation by an integer, such that
F
(
e2π ix
)= e2π if (x), x ∈ R,
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f (x + 1) = f (x) + 1, x ∈ R.
The function f is called a lift of F (see e.g. [4]).
For every orientation-preserving homeomorphism F the number α(F ) ∈ [0,1) defined by
α(F ) = lim
n→∞
f n(x)
n
(mod 1), x ∈ R,
is called the rotation number of F . This number always exists and does not depend on x and the choice of the lift f .
It is well know (see for instance [4]) that a homeomorphism F :S1 → S1 has a periodic point if and only if
its rotation number α(F ) is rational and positive. Then all periodic points have the same period (see [6,7]). More
precisely, if α(F ) = q
n
, where q,n ∈ N, n 2, and gcd(q,n) = 1, then the set PerF of all periodic points of F equals
Per(F,n), where
Per(F,n) := {z ∈ S1: Fn(z) = z, F k(z) 	= z, 1 k < n}.
Moreover, there exists a unique p ∈ {1, . . . , n− 1} such that pq (mod n) = 1. This number is called the characteristic
integer of F . We shall write p = charF .
An orientation-preserving homeomorphism T :S1 → S1 such that
T n(z) = z, z ∈ S1,
for n 2 is said to be a Babbage function of order n. Every Babbage function is conjugated to a rotation (see [3,5]).
The general construction of these homeomorphisms is given in [5].
2. In this section we will present the main result on factorization of homeomorphisms possessing periodic points.
We begin by recalling the following results (see [7]).
Lemma 1. If a ∈ Per(F,n), {a,F (a), . . . ,F n−1(a)} = {z0, z1, . . . , zn−1}, where z0 = a and
Arg
zi
z0
< Arg
zi+1
z0
< 2π, i = 0, . . . , n − 2,
and F(a) = zq , then α(F ) = qn .
We shall use the following result (see [8]).
Lemma 2. If Per(F,n) 	= ∅ for n 2, then for every a ∈ PerF ,
Arg
Fkp(a)
a
< Arg
F (k+1)p(a)
a
, k = 0, . . . , n − 2,
where p = charF .
Put
ek := exp
(
2π ik
n
)
, Lk := −−−−−−−−→[ek, ek+1), k = 0, . . . , n − 1,
and
Ik :=
−−−−−−−−−−−−−−−−−−−→[
Fpk(a),Fp(k+1)(a)
)
, k = 0, . . . , n − 1,
where a ∈ PerF and p = charF .
Lemma 3. Let α(F ) = q
n
, gcd(q,n) = 1 and a ∈ PerF . Suppose that Φk : Ik → Lk , k = 0, . . . , n − 1, are arbitrary
orientation-preserving homeomorphisms. Then
Φ(z) := Φk(z) for z ∈ Ik,
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Φ
(
Fpk(a)
)= ek, k = 0, . . . , n − 1, (1)
and
U(ek) = e(k+q) (modn), k = 0, . . . , n − 1, (2)
where
U := Φ ◦ F ◦ Φ−1. (3)
Proof. The first assertion is an obvious consequence of Lemma 2. We have by (1),
U(ek) = Φ ◦ F ◦ Φ−1(ek) = Φ
(
F
(
Fpk(a)
))= Φ(Fpk+1(a))
= Φ(Fpk+pq(a))= Φ(Fp(k+q)(a))= e(k+q) (modn),
since pq = 1 (mod n). 
Put
R(z) := e1z, z ∈ S1.
Lemma 4. Let a homeomorphism U :S1 → S1 fulfil (2) for 1 q < n with gcd (q,n) = 1 and
H(z) :=
{
Rq ◦ Un(z), z ∈ L0,
Rq(z), z ∈ S1 \ L0. (4)
Then there exists a homeomorphism Ψ :S1 → S1 such that
Ψ
(
H(z)
)= U(Ψ (z)), z ∈ S1, (5)
and
Ψ (z) = z for z ∈ L0. (6)
Proof. First note that H is a homeomorphism, since by (2),
Rq ◦ Un(e0) = Rq(e0) and Rq ◦ Un(e1) = Rq(e1).
In view of (2),
U [Lk] = L(k+q) (modn), k = 0, . . . , n − 1,
and consequently
Ui[Lk] = L(k+iq) (modn), i ∈ Z, k = 0, . . . , n − 1. (7)
In particular
Un[Lk] = Lk, k = 0, . . . , n − 1.
Similarly
Rq [Lk] = L(k+q) (modn), k = 0, . . . , n − 1.
Hence
H [Lk] = L(k+q) (modn), k = 0, . . . , n − 1,
and consequently
Hi[Lk] = L(k+iq) (modn), i ∈ Z, k = 0, . . . , n − 1. (8)
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Hi(z) = Riq ◦ Un(z) for z ∈ L0 and i = 1, . . . , n − 1.
Putting i = n we have
Hn(z) = Rnq ◦ Un(z) = Un(z), z ∈ L0. (9)
Define
Ψ (z) := Uk−n ◦ Hn−k(z), z ∈ Lkq (modn), k = 0, . . . , n − 1. (10)
Note that (7) and (8) imply
Ψ [Lkq (modn)] = Lkq (modn), k = 0, . . . , n − 1.
Hence Ψ is an orientation-preserving homeomorphism. Let z ∈ Lkq (modn) for 0 k < n. Then H(z) ∈ L(k+1)q (modn).
Thus we have
Ψ
(
H(z)
)= Uk+1−n ◦ Hn−k−1 ◦ H(z) = U ◦ Uk−n ◦ Hn−k(z) = U(Ψ (z)).
Since
⋃n−1
k=0 Lkq (modn) = S1 we get (5). Moreover, by (9) and (10) we have
Ψ (z) = U−n ◦ Hn(z) = z for z ∈ L0. 
In the further considerations the crucial role will be played by the Babbage homeomorphisms.
Now we prove the following main result.
Theorem 5. Let F :S1 → S1 be an orientation-preserving homeomorphism possessing periodic points of order n.
Then for every a ∈ PerF there exists a unique pair of homeomorphisms T ,G :S1 → S1 such that T n = id and
G(z) = z for z ∈ −−−−−−−−−→[Fp(a), a], where p = charF , satisfying the relation
F = T q ◦ G (11)
with q = nα(F ).
Proof. Let a ∈ PerF and let U and Φ be the homeomorphisms defined in Lemma 3. Define also an arbitrary function
V (z) :=
{
Un(z), z ∈ L0,
z, z ∈ S1 \ L0.
We have
H = Rq ◦ V. (12)
By Lemma 4 there exists a homeomorphism Ψ :S1 → S1 such that
Ψ ◦ H = U ◦ Ψ.
Hence by (12) and (3),
Ψ ◦ Rq ◦ V = Φ ◦ F ◦ Φ−1 ◦ Ψ,
so
Rq ◦ V = (Ψ−1 ◦ Φ) ◦ F ◦ (Ψ−1 ◦ Φ)−1.
Putting Γ := Ψ−1 ◦ Φ we have
F = Γ −1 ◦ Rq ◦ V ◦ Γ = (Γ −1 ◦ Rq ◦ Γ ) ◦ (Γ −1 ◦ V ◦ Γ ).
Thus
F = T q ◦ G,
where T := Γ −1 ◦ Rq ◦ Γ and G := Γ −1 ◦ V ◦ Γ . It is obvious that T n = id and α(T ) = 1 .n
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Γ (a) = Ψ−1(Φ(a))= Ψ−1(e0) = e0
and
Γ
(
Fp(a)
)= Ψ−1(Φ(Fp(a)))= Ψ−1(e1) = e1.
If z ∈ −−−−−−−−−→[Fp(a), a], then Γ (z) ∈ −−−−−−−−−−−−−−−−→[Γ (Fp(a)),Γ (a)] = −−−−−→[e1, e0]. Hence
G(z) = Γ −1 ◦ V ◦ Γ (z) = Γ −1(Γ (z))= z,
since V (u) = u for u ∈ −−−−−→[e1, e0]. Thus G(z) = z for z ∈ −−−−−−−−−→[Fp(a), a].
Putting G0 := G|I0 , where I0 =
−−−−−−−−−→[a,Fp(a)) we can write
G(z) :=
{
G0(z), z ∈ I0,
z, z ∈ S1 \ I0.
To prove the uniqueness suppose
F = Sq ◦ Ĝ,
where Sn = id,
Ĝ(z) :=
{
G1(z), z ∈ I0,
z, z ∈ S1 \ I0,
and G1 : I0 → I0 is an orientation-preserving homeomorphism. Note that
F i[I0] = Iiq (modn), i = 0,1, . . . , n, (13)
where Ik =
−−−−−−−−−−−−−−−−−−−→[Fkp(a),F (k+1)p(a)). In fact F(Fpk(a)) = Fp(k+q)(a), since pq = 1 (mod n) and Fn(a) = a. Hence
F [Ik] = I(k+q) (modn), k = 0, . . . , n − 1. (14)
Inductively we obtain (13). Since iq 	= 0 (mod n) for i = 1, . . . , n − 1, it follows from (13), that F i(a) /∈ I0 for
i = 1, . . . , n − 1. We shall show that
Fk(a) = Skq(a), k ∈ N. (15)
For k = 1, F 1(a) = F(a) = Sq(G1(a)) = Sq(a). Suppose that (15) holds for k < n − 1. Then we have
Fk+1(a) = F (Fk(a))= Sq ◦ Ĝ(Fk(a))= Sq(Fk(a))= Sq(Skq(a))= S(k+1)q(a),
since Fk(a) ∈ I0 and Ĝ(F k(a)) = Fk(a). For k = n (15) is obvious. Since Fn(a) and Sn(a) = a we obtain (15) also
for k > n. By putting kp instead of k in (15), we get
Fkp(a) = Skpq(a) = Sk(a),
since pq = 1 (mod n). Hence Ik =
−−−−−−−−−−−−−−−→[Sk(a), Sk+1(a)) = Sk[−−−−−−−→[a,S(a))]. Since F(a) = Sq(a) we get
Ik = Sk[I0], k = 0, . . . , n − 1. (16)
Now we shall show inductively that
Fk(z) = Skq(G1(z)) for z ∈ I0 and k = 0, . . . , n − 1. (17)
For k = 1 this is obvious. Suppose that (17) holds for k < n − 1 and let z ∈ I0. By (16),
Skq
(
G1(z)
) ∈ Iqk ⊂ S1 \ I0,
since G1(z) ∈ I0. Hence by (17),
Fk+1(z) = F (Fk(z))= Sq ◦ Ĝ(Skq(G1(z)))= Sq(Skq(G1(z)))= S(k+1)q(G1(z)),
since Ĝ(z) = z for z ∈ S1 \ Int I0. By putting k = n in (17), we get
Fn(z) = Snq(G1(z))= G1(z) for z ∈ I0, (18)
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F = Sq ◦ G.
We may write Sq = F ◦ G and S = Spq = (F ◦ G−1)p . Similarly T = (F ◦ G−1)p . Thus T = S. 
From the proof of uniqueness we obtain also the following results.
Corollary 6. If α(F ) = q
n
, gcd(q,n) = 1, then for every a ∈ PerF there exists a unique Babbage homeomorphism T
of order n such that
F(z) :=
{
T q(Fn(z)), z ∈ −−−−−−−−−→[a,Fp(a)),
T q(z), z ∈ S1 \ −−−−−−−−−→[a,Fp(a)),
where p = charF .
Proof. This is a consequence of (18). 
Remark 7. Let α(F ) = q
n
, gcd(q,n) = 1, a ∈ PerF , Ik =
−−−−−−−−−−−−−−−−−−−→[Fkp(a),F (k+1)p(a)) for k = 0, . . . , n−1, and F = T q ◦G,
where p = charF , T n = id and G(z) = z for z ∈ S1 \ I0. Then
T [Ik] = Ik+1 (modn), k = 0, . . . , n − 1.
Proof. The assertion is a simple consequence of (16) and the equality T = S. 
3. In this section we deal with the iterates of the circle homeomorphisms. We shall show that the factorization
theorem implies that the iterates of a homeomorphism possessing periodic points depend only on an interval homeo-
morphism and the iterates of its Babbage function. To describe the above property we use the following simple result
from the number theory.
Lemma 8. If 1 q < n, gcd(q,n) = 1 and m ∈ {0, . . . , n−1}, then there exists a unique im ∈ {0, . . . , n−1} such that
(m + imq) (mod n) = 0. (19)
Moreover, im = −mp (mod n) = m(n − p) (mod n), where pq = 1 (mod n).
The proof of the above lemma is elementary.
Theorem 9. Let α(F ) = q
n
, gcd(q,n) = 1, a ∈ PerF and
Im =
−−−−−−−−−−−−−−−−−−−−→[
Fmp(a),F (m+1)p(a)
)
, m = 0,1, . . . , n − 1. (20)
Then there exist a homeomorphism G : I0 → I0 and a Babbage function T of order N such that
F
k+jn
|Im = T qk ◦
⎧⎨⎩T
m ◦ Gj+10 ◦ T −m|Im if im  k − 1,
T m ◦ Gj0 ◦ T −m|Im if im > k − 1,
(21)
for m = 0,1, . . . , n − 1, k = 0,1, . . . , n and j ∈ N.
In particular,
Fk|Im = T qk ◦
{
T m ◦ G0 ◦ T −m|Im if im  k − 1,
id|Im if im > k − 1,
(22)
for m = 0,1, . . . , n − 1, k = 0,1, . . . , n,
Fn|Im = T m ◦ G0 ◦ T −m|Im , m = 0,1, . . . , n − 1, (23)
and
Fn|I0 = G0. (24)
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Fk[Im] = I(m+kq) (modn), k = 0,1, . . . , n, m = 0,1, . . . , n − 1. (25)
This formula is a simple consequence of (14). First we shall prove (22). The case k = 1 follows directly from Theo-
rem 5. In fact, im = 0 if and only if m = 0. Thus we have
F|Im := T q ◦
{
G0, m = 0,
id|Im, m 	= 0.
(26)
Suppose that (22) holds for 1 k < n. We consider three cases.
Let im = k. Then by (25) and (19), Fk[Im] = I0. Hence by (26) and (22) we have F|Im = T q|Im and Fk|Im = T
kq
|Im since
im > k − 1. Moreover,
Fk+1|Im = F|I0 ◦ Fk|Im = T q ◦ G0 ◦ Fk|Im = T q ◦ G0 ◦ T
kq
|Im = T q ◦ T kq+m ◦ G0 ◦ T kq+m ◦ T −m|Im
= T (k+1)q ◦ T m ◦ G0 ◦ T −m|Im ,
since T kq+m = id. Thus (25) holds for k + 1, since im  (k + 1) − 1.
Now let im < k. Then m′ := (m + kq) (mod n) 	= 0 and by (25), Fk[Im] ∩ I0 = ∅. Hence, in view of (25), (26)
and (22) we have
Fk+1|Im = F|Im′ ◦ Fk|Im = T q ◦ Fk|Im = T q ◦ T kq ◦ T m ◦ G0 ◦ T −m|Im = T (k+1)q ◦ T m ◦ G0 ◦ T −m|Im ,
since im  (k − 1). Thus (22) holds for k + 1, since im  (k + 1)− 1.
Finally let im > k. Then Fk[Im] ∩ I0 = ∅ and by (26) and (22) we get
Fk+1|Im = F|Im′ ◦ Fk|Im = T q ◦ Fk|Im = T q ◦ T
kq
|Im = T
(k+1)q
|Im ,
since im > k − 1. This means that (22) holds for k + 1 since im > (k + 1) − 1. Hence it follows that (22) holds for
k = 0,1, . . . , n.
Putting k = n in (22) we get (23), since im  n − 1 for every m. Putting m = 0 in (23) we obtain (24). Since
Fn[Im] = Im, (23) implies that
F
jn
|Im = T m ◦ G
j
0 ◦ T −m|Im for j ∈ N.
Hence (21) is a simple consequence of (22). 
4. Now we give some application of the factorization theorem to the determination of iterative roots of homeo-
morphism possessing fixed points.
Let F be a periodic homeomorphism with period n 2. Then Fn has only fixed points. We consider the following
inverse problem. Let H :S1 → S1 be a homeomorphism with fixed points. When for a given n  2 there exists a
homeomorphism F with periodic points of order n such that
H = Fn?
In other words, when H has iterative roots of order n which are homeomorphisms without fixed points? To solve this
problem we apply Theorem 9. From this theorem we obtain the following
Lemma 10. If α(F ) = q
n
, gcd(q,n) = 1 and H = Fn, then there is a partition of S1 on n consecutive arcs J0, . . . , Jn−1
such that H [Ji] = Ji , i = 0, . . . , n − 1, and the functions Hi := H|Ji are mutually conjugate, i.e., there exist homeo-
morphisms Ti :Ji → Ji+1, i = 0, . . . , n − 2, such that
Hi+1 = Ti ◦ Hi ◦ T −1i . (27)
Proof. Let a ∈ PerF and put Ji = Ii , where Ii are defined by (20) for i = 0, . . . , n − 1. By (25) we have H [Ji] = Ji
for i = 0, . . . , n − 1. Put Ti := T|Ji , where T is the Babbage function determined in Theorem 5. By Remark 7,
Ti :Ji → Ji+1 for i = 0, . . . , n − 1. Thus by (23) we have
Hi+1 = H|Ji+1 = Fn|J = T i+1 ◦ G0 ◦ T −i−1 = T|Ji ◦ T i ◦ G0 ◦ T −i ◦ T −1 = Ti ◦ Hi ◦ Ti. i+1 |Ji+1 |Ji |Ji+1
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iterative roots. This property is described in the following
Theorem 11. Let H :S1 → S1 be an orientation-preserving homeomorphism with FixF 	= ∅. H has iterative roots
of nth order, where n  2, possessing periodic points of period n if and only if there exist a partition of S1 on n
consecutive arcs J0, . . . , Jn−1 such that H [Ji] = Ji for i = 0, . . . , n− 1 and orientation-preserving homeomorphisms
Ti :Ji → Ji+1, i = 0, . . . , n − 1, such that
H|Ji+1 = Ti ◦ H|Ji ◦ T −1i , i = 0, . . . , n − 2. (28)
For every such a partition and a system of homeomorphisms Ti and every integer 1 q < n with gcd(q,n) = 1 the
function
F(z) :=
{
T q(H(z)), z ∈ J0,
T q(z), z ∈ S1 \ J0, (29)
where
T (z) :=
{
Ti(z), z ∈ Ji, i = 0, . . . , n − 2,
T −10 ◦ T −11 ◦ · · · ◦ T −1n−1, z ∈ Jn−1,
(30)
is an iterative root of H of nth order such that PerF 	= ∅ and α(F ) = q
n
. Formulas (29) and (30) determine the general
form of all periodic iterative roots of order n possessing periodic points of order n.
Proof. The necessity of the condition follows directly from Lemma 10. To prove its sufficience let us note that
T [Ji] = Ji+1, i = 0, . . . , n − 2, (31)
and T n = id (see e.g. [5]). It follows from (28) that
H|Jm = Tm−1 ◦ · · · ◦ T0 ◦ H|J0 ◦ T −10 ◦ · · · ◦ T −1m−1 = T m ◦ H|J0 ◦ T −m|Jm . (32)
Let z0, . . . , zn−1 ∈ PerH be such that Jk = −−−−−−−−→[zk, zk+1], k = 0, . . . , n − 1. Since {Jk} are consecutive arcs we have
Arg
zi
z0
< Arg
zi+1
z0
< 2π, i = 0, . . . , n − 2.
By (29) and (31) we have F(z0) = T q(z0) = zq , since H(z0) = z0. Further by (29) we have Fk(z0) = T kq(z0) =
zkq (modn), k = 1, . . . , n. Hence z0 ∈ Per(F,n) and by Lemma 1, α(F ) = qn . By (22) we may write F in the form
F = T q ◦ G, where
G(z) :=
{
H(z), z ∈ J0,
z, z ∈ S1 \ J0.
By the uniqueness of the decomposition of F and by formula (23) in Theorem 9 we obtain
Fn|Im = T m ◦ H|J0 ◦ T −m|Im , m = 0, . . . , n − 1.
Hence by (32) we have Fn = H .
To prove the uniqueness suppose that F̂ n = H , α(F̂ ) = q
n
and z0 ∈ Per F̂ . Put Ji =
−−−−−−−−−−−−−−−−−−−−→[F̂ ip(z0), F̂ (i+1)p(z0)) for
i = 0,1, . . . , n − 1, where pq = 1 (mod n). Theorem 5 implies that
F̂ (z) :=
{
T̂ q(G0(z)), z ∈ J0,
T̂ q(z), z ∈ S1 \ J0,
where T̂ n = id and α(T̂ ) = 1
n
. By Theorem 9 (formula (24)), G0 = F̂ n|I0 = H|J0 . Thus we get (29) with T = T̂ .
Moreover, T̂ is given by (30) (see [5]). 
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